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In this paper, we first give a characterization of Cayley graphs of rectangular groups.
Then, vertex-transitivity of Cayley graphs of rectangular groups is considered. Further, it is
shown that Cayley graphs Cay(S, C)which are automorphism-vertex-transitive, are in fact
Cayley graphs of rectangular groups, if the subsemigroup generated by C is an orthodox
semigroup. Finally, a characterization of vertex-transitive graphs which are Cayley graphs
of finite semigroups is concluded.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let S be a semigroup and C ⊆ S. Recall that the Cayley graph Cay(S, C) of S with the connection set C is defined as the
digraph with vertex set S and edge set E(Cay(S, C)) = {(s, cs) : s ∈ S, c ∈ C}.
Cayley graphs of groups have been extensively studied and some interesting results have been obtained (see for example,
[1]). Also, the Cayley graphs of semigroups have been considered by some authors (see for example, [3,4,6–18]).
One of the interesting subjects in the study of Cayley graphs of semigroups is considering how the results obtained for the
Cayley graphs of groups work in the case of semigroups. It is known that the Cayley graphs of groups are vertex-transitive;
in the sense that for every two vertices u, v there exists a graph automorphism f such that f (u) = v (see [2]). Also, Kelarev
and Praeger in [11] characterized vertex-transitive Cayley graphs of semigroups S for which all principal left ideals of the
subsemigroup generated by the connection set C are finite, and Fan and Zeng in [4] gave a description of vertex-transitive
Cayley graphs of finite bands.
In this paper, we give a characterization of Cayley graphs of rectangular groups. Also, some descriptions of vertex-
transitive Cayley graphs of rectangular groups are given. Furthermore,we show that automorphism-vertex-transitive Cayley
graphs Cay(S, C) of finite semigroups Swith connection sets C such that 〈C〉, the subsemigroup generated by C , are orthodox,
are in fact Cayley graphs of rectangular groups. Finally, a necessary and sufficient condition for a vertex-transitive graph to
be a Cayley graph of a semigroup is stated.
2. Preliminaries
In this section, we give some preliminaries needed in what follows on graphs, semigroups, and Cayley graphs of
semigroups. For more information on graphs, we refer to [2], and for semigroups see [5].
Recall that a digraph (directed graph) Γ = (V , E) is a finite set V = V (Γ ) of vertices, together with a binary relation
E = E(Γ ) on V . The elements e = (u, v) of E are called the arcs or edges of Γ , u is called the tail of e, and v is called the head
of e. For a digraph Γ , the in-degree d−Γ (v) of a vertex v in Γ is the number of arcs with head v, the out-degree d
+
Γ (v) of v is
the number of arcs with tail v. Throughout this paper, by a graph we mean a digraph without multiple edges (possibly with
loops). By the underlying undirected graph of Γ we mean a graph with the same set of vertices V and an undirected edge
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{u, v} for each directed edge (u, v) of Γ . The graph Γ is said to be connected if its underlying undirected graph is connected.
By a connected component of a digraph Γ we mean any component of the underlying graph of Γ .
Let (V1, E1) and (V2, E2) be digraphs. A mapping φ : V1 → V2 is called a (digraph) graph homomorphism if (u, v) ∈ E1
implies (φ(u), φ(v)) ∈ E2, and is called a (digraph) graph isomorphism if it is bijective and both φ and φ−1 are graph
homomorphisms. A graph homomorphism φ : (V , E) → (V , E) is called an endomorphism, and a graph isomorphism on
Γ = (V , E) is said to be an automorphism. We denote the set of all endomorphisms on the graph Γ by End(Γ ), and the set
of all automorphisms on Γ by Aut(Γ ).
Let Γ = (V , E) be a graph. Suppose that V ′ is a nonempty subset of V. The subgraph of Γ whose vertex set is V ′ and
whose edge set is the set of those edges of Γ that have both ends in V ′ is called the subgraph of Γ induced by V ′ and is
denoted by Γ [V ′]. Similarly, taking a nonempty subset E ′ of E, the subgraph of Γ whose vertex set is the set of ends of edges
in E ′ and whose edge set is E ′ is called the subgraph of Γ induced by E ′ and is denoted by Γ [E ′].
Let S be a semigroup, and C be a subset of S. The Cayley graph Cay(S, C) of S relative to C is defined as the graph with
vertex set S and edge set E(C) consisting of those ordered pairs (s, t) such that cs = t for some c ∈ C . The set C is called the
connection set of Cay(S, C) (see [7]).
A digraph (V , E) is called a group digraph (semigroup digraph) or digraph of a group (semigroup) if there exist a group
(semigroup) S and a connection set C ⊆ S such that (V , E) is isomorphic to the Cayley graph Cay(S, C).
The following proposition, known as Sabidussi’s Theorem, give a criterion for a digraph to be a group digraph.
Proposition 2.1 ([19]). A digraph Γ = (V , E) is a digraph of a group G if and only if the automorphism group Aut(Γ ) contains
a subgroup∆ isomorphic to G such that for every two vertices u, v ∈ V there exists σ ∈ ∆ such that σ(u) = v.
For a Cayley graph Cay(S, C), we denote End(Cay(S, C)) by EndC (S), and Aut(Cay(S, C)) by AutC (S). An element f ∈
EndC (S) is called a color-preserving endomorphism if cx = y implies cf (x) = f (y) for every x, y ∈ S and c ∈ C . The set of all
color-preserving endomorphisms of Cay(S, C) is denoted by ColEndC (S), and the set of all color-preserving automorphisms
of Cay(S, C) by ColAutC (S).
The Cayley graph Cay(S, C) is said to be automorphism-vertex-transitive or simply vertex-transitive or AutC (S)-vertex-
transitive if, for every two vertices x, y ∈ S, there exists f ∈ AutC (S) such that f (x) = y. The notions of ColAutC (S)-vertex-
transitive, ColEndC (S)-vertex-transitive, and EndC (S)-vertex-transitive for Cayley graphs are defined similarly.
As a corollary of Proposition 2.1, we have that every Cayley graph of a group is automorphism-vertex-transitive. Also in
what follows we apply the following lemmas.
Lemma 2.2 ([11, Lemma 6.1]). Let S be a semigroup, and C be a subset of S.
(i) If Cay(S, C) is EndC (S)-vertex-transitive, then CS = S.
(ii) If Cay(S, C) is ColEndC (S)-vertex-transitive, then cS = S for each c ∈ C.
Lemma 2.3 ([11, Lemma 8.3]). Let S be a semigroup, and let C be a subset of S. Then
Cay(S, C) ∼=
⋃
c∈C
Cay(S, {c}).
If Cay(S, C) is ColAutC (S)-vertex-transitive, then for each c ∈ C, the Cayley graph Cay(S, {c}) is ColAut{c}(S)-vertex-transitive,
too.
The following propositions describe semigroups S and subsets C of S, satisfying a certain finiteness condition, such that
the Cayley graph Cay(S, C) is ColAutC (S)-vertex-transitive (AutC (S)-vertex-transitive).
Proposition 2.4 ([11, Theorem 2.1]). Let S be a semigroup, and C be a subset of S which generates a subsemigroup 〈C〉 such
that all principal left ideals of 〈C〉 are finite. Then, the Cayley graph Cay(S, C) is ColAutC (S)-vertex-transitive if and only if the
following conditions hold:
(i) cS = S, for all c ∈ C;
(ii) 〈C〉 is isomorphic to a direct product of a right zero semigroup and a group;
(iii) |〈C〉s| is independent of the choice of s ∈ S.
Proposition 2.5 ([11, Theorem 2.2]). Let S be a semigroup, and C be a subset of S such that all principal left ideals of the
subsemigroup 〈C〉 are finite. Then, the Cayley graph Cay(S, C) is AutC (S)-vertex-transitive if and only if the following conditions
hold:
(i) CS = S;
(ii) 〈C〉 is a completely simple semigroup;
(iii) the Cayley graph Cay(〈C〉, C) is AutC (〈C〉)-vertex-transitive;
(iv) |〈C〉s| is independent of the choice of s ∈ S.
Recall that a right zero semigroup (left zero semigroup) is a semigroup S satisfying the identity xy = y (respectively, xy = x).
A band is a semigroup all whose elements are idempotent. A rectangular band is a band satisfying the identity xyx = x. It is
known that every rectangular band is isomorphic to the direct product of a left zero semigroup and a right zero semigroup
(see [5]). A semigroup is called a rectangular group if it is isomorphic to the direct product of a group and a rectangular band.
806 B. Khosravi, M. Mahmoudi / Discrete Mathematics 310 (2010) 804–811
Also, recall that a semigroup is said to be left simple (right simple) if it has no proper left (right) ideal. A semigroup is called
a left group (right group) if it is left (right) simple and right (left) cancellative. It is known that a semigroup is a right (left)
group if and only if it is isomorphic to the direct product of a group and a right (left) zero semigroup (see [5]). A semigroup
is completely simple if it has no proper ideal and has an idempotent element which is minimal with respect to the partial
order e ≤ f ⇔ e = ef = fe on idempotent elements.
It is obvious that if S is a finite semigroup, then all principal left ideals of the subsemigroup 〈C〉 are finite.
Finally recall that the categorical graph product of graphs Γ1 = (V1, E1) and Γ2 = (V2, E2), denoted by Γ1 × Γ2, has the
vertex set V1 × V2, and edge set {((u, v), (u′, v′))|(u, u′) ∈ E1, (v, v′) ∈ E2}.
Lemma 2.6 ([17, Theorem 3.2]). For semigroups S and T , and their subsets C and D, respectively, we have
Cay(S × T , C × D) = Cay(S, C)× Cay(T ,D).
3. Characterization of Cayley graphs of rectangular groups
In this section, we characterize Cayley graphs of rectangular groups. Then, using the fact that left groups, right groups,
left zero semigroups, right zero semigroups, and rectangular bands are some kinds of rectangular groups, we get a
characterization of Cayley graphs of such semigroups.
First we characterize rectangular group digraphs.
Theorem 3.1. A digraph D is a rectangular group digraph if and only if D has r subgraphs {Dα}rα=1 such that Dα ’s are pairwise
disjoint and isomorphic to a graph denoting by Γ = (V , E) satisfying
(1) V =⋃li=1 Vi, where Vi’s are pairwise disjoint and have the same cardinality;
(2) E =⋃kj=1 Ej, where Ej’s are pairwise disjoint, and if Γj = Γ [Ej], then V (Γj) = V and for every vertex v of Γ , d+Γj(v) = 1;
(3) for every 1 ≤ j ≤ k there exists Vnj ∈ {V1, . . . , Vl} such that for every 1 ≤ i ≤ l, with i 6= nj, Γj[Vi] is an empty graph, and
every vertex u of Γj[Vi] is adjacent to a unique vertex ηju of Γj[Vnj ] such that no other vertex of Γj[Vi] is adjacent to ηju, also
d−Γj(u) = 0;
(4) there exists a family of graph isomorphisms {fj}kj=1, where fj : Γj[Vnj ] → Cay(G, {gnj}), gnj ∈ G, and for every 1 ≤ j, j′ ≤ k,
u ∈ V , g−1nj fj(ηju) = g−1nj′ fj′(η
j′
u).
Proof. (⇒) If D is a rectangular group digraph, then there exist a rectangular group S = G × L × R, and C ⊆ S such that
D ∼= Cay(S, C), where G is a group, L is a left zero semigroup, and R is a right zero semigroup. Let l = |L| and r = |R|. For
every (g, x, y) ∈ S and (g1, x1, y1) ∈ C , since (g1, x1, y1)(g, x, y) = (g1g, x1, y), we conclude that the third components of
elements of C do not have any role in the structure of Cay(S, C). Define piG×L : G× L× R→ G× L, by piG×L(g, x, y) = (g, x).
Then, taking C ′ = piG×L(C), we get that Cay(S, C) ∼= Cay(S, C ′ × {y0}), where y0 ∈ R is an arbitrary fixed element. We
can easily conclude that Cay(R, {y0}) ∼= |R|EK1, since R is a right zero semigroup. Now using this fact, Lemma 2.6, and the
definition of categorical graph product, we conclude that
Cay(S, C) ∼= Cay(G× L× R, C ′ × {y0}) ∼= Cay(G× L, C ′)× Cay(R, {y0})
∼= Cay(G× L, C ′)× (|R|EK1) ∼= |R|Cay(G× L, C ′).
Hence D has r = |R| subgraphs Γ = Cay(G × L, C ′). Let Dα = Cay(G × L, C ′), for 1 ≤ α ≤ r . So it is obvious that Dα ’s are
pairwise disjoint and isomorphic to each other. Let L = {x1, . . . , xl}. Taking Vi = G× {xi}, it is obvious that Vi’s are pairwise
disjoint andhave the same cardinality. Since
⋃l
i=1 Vi =
⋃l
i=1 G×{xi} = G×L,V = G×L =
⋃l
i=1 Vi. So condition (1) is proved.
Take C ′ = {(gt1 , xt1), . . . , (gtk , xtk)}, where k = |C ′|. It is obvious that if 1 ≤ i 6= j ≤ k, then gti 6= gtj , or xti 6= xtj . By
Lemmas 2.3 and 2.6, we conclude that
(∗) Cay(G× L, C ′) =
⋃
(g,x)∈C ′
Cay(G× L, {(g, x)})
=
⋃
(g,x)∈C ′
Cay(G, {g})× Cay(L, {x}).
Take Ej = E
(
Cay(G, {gtj}) × Cay(L, {xtj})
)
, for 1 ≤ j ≤ k. We claim that Ej’s are pairwise disjoint. On the contrary, let
there exist Eα and Eβ such that Eα ∩ Eβ 6= ∅, where α 6= β . So there exists (u1, u2) ∈ Eα ∩ Eβ , where u1 = (h1, y1) ∈ G× L,
and u2 = (h2, y2) ∈ G × L. Hence (h2, y2) = (gtα , xtα )(h1, y1) and (h2, y2) = (gtβ , xtβ )(h1, y1). So gtαh1 = h2 = gtβh1,
y2 = xtαy1 = xtα and y2 = xtβ y1 = xtβ . Hence xtα = xtβ and gtα = gtβ , which is a contradiction because (gtα , xtα ) 6= (gtβ , xtβ ).
So Ej’s are pairwise disjoint. Notice that ifΓj = Γ [Ej], thenweget thatΓj = Cay(G, {gtj})×Cay(L, {xtj}). SoV (Γj) = G×L = V ,
and by the definition of categorical graph product of Cay(G, {gtj}) and Cay(L, {xtj}), we conclude that for every vertex v of
V (Γj) = V , d+Γj(v) = 1. So we get that condition (2) is satisfied.
To prove (3), let 1 ≤ j ≤ k. Consider c ′j = (gtj , xtj) ∈ C ′, and Γj = Γ [Ej]. Then take nj = tj. Notice that
Γj = Cay(G, {gtj})×Cay(L, {xtj})where, L being a left zero semigroup, Cay(L, {xtj}) has edge set {(xα, xtj)|xα ∈ L, 1 ≤ α ≤ l}.
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Therefore Γj[Vnj ] is the graph with vertex set Vnj = G × {xnj} and edge set {((g, xtj), (gtjg, xtj)) : g ∈ G}. So, for every
1 ≤ i ≤ l, where i 6= tj, Γj[Vi] is an empty graph, and every vertex u = (g, xi) of Γj[Vi] is joined to ηju = (gtjg, xtj) in Γj.
Moreover, none of the vertices of Γj can be joined to a vertex (g, xi) of Γj[Vi], since d−Cay(L,{xtj })(xi) = 0.
Finally (4) is also satisfied, because for a given j, the above expression of Γj[Vnj ] shows that the map fj : Γj[Vnj ] →
Cay(G, {gnj}), given by fj(g, xnj) = g , is a graph isomorphism. Also, the family {fj}kj=1 satisfies,
g−1nj fj(η
j
u) = g−1nj fj(gnjg, xnj) = g−1nj gnjg = g = g−1nj′ gnj′ g = g
−1
n′j
fj′(ηj
′
u)
for every 1 ≤ j, j′ ≤ k and u ∈ Vi.
(⇐) Take a graph D with properties (1)–(4), and define a rectangular group S as S = G × L × R, where L is a left zero
semigroup of cardinality l, and R is a right zero semigroup of cardinality r , and G is the group given in part (4). Let y0 ∈ R.
Now define C ⊆ S as C = {(gnj , xnj , y0)|1 ≤ j ≤ k}, where nj’s and gnj ’s are as in parts (3), (4). We show that D ∼= Cay(S, C).
It is enough to show that Γ ∼= Cay(G× L, C ′), where C ′ = piG×L(C), piG×L : G× L× R→ G× L is the projection map. This is
true because, similar to the proof of the other direction, Cay(S, C) ∼= rCay(G×L, C ′), and so having the former isomorphism,
we get D ∼= rΓ ∼= rCay(G× L, C ′) ∼= Cay(S, C).
By part (4), there are isomorphisms fj : Γj[Vnj ] → Cay(G, {gnj}), 1 ≤ j ≤ k. Define ψ : Γ → Cay(G × L, C ′) by
ψ(u) = (g−1nj fj(ηju), xi) for u ∈ Vi, xi ∈ L, i = 1, . . . , l, and some 1 ≤ j ≤ k. Using (4),ψ is independent of the choice of j, and
hence is well-defined. Then ψ |Vi being the composite
Vi
hi→ Vnj
fj→ G
λ−1gnj→ G (id,{xi})→ G× {xi},
where hi(u) = ηju as given in (3), is a bijection, since all the above maps are bijections.
Now it is enough to show that ψ preserves adjacency and non-adjacency. To see this, let (u, v) ∈ E, where u ∈ Vα
and v ∈ Vβ . By (2), there exists j ∈ {1, . . . , k} such that (u, v) ∈ Ej. By (3), (4), there exists nj ∈ {1, . . . , l} such that
Γj[Vnj ] ∼= Cay(G, {gnj}). We claim that nj = β . To the contrary we assume that nj 6= β . By (3), there exists ηju ∈ Γj[Vnj ] such
that u is joined to it. Since v 6∈ Vnj , u is joined to both v and ηju; that is d+Γj(u) ≥ 2 which contradicts (2). Hence nj = β . So
Γj[Vβ ] = Γj[Vnj ] ∼= Cay(G, {gnj}), with the isomorphism fj which is as in (4). Now we claim that (ψ(u), ψ(v)) ∈ E(Cay(G×
L, C ′)). Using (4) and since fj is a graph isomorphism, we have ψ(u) = (g−1nj fj(ηju), xα) = (g−1β fj(ηju), xα) and ψ(v) =
(g−1nj fj(η
j
v), xβ) = (g−1nj gnj fj(v), xβ) = (fj(v), xβ). But by the definition of C ′, (gβ , xβ) ∈ C ′, and (gβ , xβ)(g−1β fj(ηju), xα) =
(fj(η
j
u), xβ) = (fj(v), xβ) since ηju = v. Thus, (ψ(u), ψ(v)) ∈ E(Cay(G× L, C ′)) as claimed. So ψ preserves adjacency.
Now we show thatψ preserves non-adjacency. Take an arbitrary edge (ψ(u), ψ(v)) of Cay(G× L, C ′). Using (1), we can
assume that u ∈ Vα and v ∈ Vβ , where 1 ≤ α, β ≤ l. Now we claim that (u, v) ∈ E. Since (ψ(u), ψ(v)) ∈ Cay(G × L, C ′),
there exists (gnj , xnj) ∈ C ′ such that ψ(v) = (gnj , xnj)ψ(u). Therefore (ψ(u), ψ(v)) ∈ Cay(G, {gnj}) × Cay(L, {xnj}). To
prove (u, v) ∈ E, we show that (u, v) ∈ Ej. Using (4), ψ(u) = (g−1nj fj(ηju), xα) and ψ(v) = (g−1nj fj(ηjv), xβ). Therefore
(g−1nj fj(η
j
v), xβ) = ψ(v) = (gnj , xnj)ψ(u) = (gnj , xnj)(g−1nj fj(ηju), xα). Hence g−1nj fj(ηjv) = gnjg−1nj fj(ηju) = fj(ηju), and β = nj.
On the other hand, since fj is a graph homomorphism, fj(ηjv) = gnj fj(v). Therefore g−1nj fj(ηjv) = g−1nj gnj fj(v) = fj(v) = fj(ηju)
and so v = ηju. This means that (u, v) ∈ Ej. 
Example 3.2. In this example, using the above theorem, we show that the following graph Γ is a Cayley graph of a
rectangular group. Since the graph Γ is connected, we take r = 1. To see condition (1), take V1 = {v1, v2, v3, v4} and
V2 = {v5, v6, v7, v8}. For condition (2), let
E1 = {(v1, v2), (v2, v3), (v3, v4), (v4, v1), (v5, v2), (v6, v3), (v7, v4), (v8, v1)},
E2 = {(v5, v8), (v8, v7), (v7, v6), (v6, v5), (v2, v5), (v3, v6), (v4, v7), (v1, v8)}.
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For condition (3), put n1 = 1 and n2 = 2. Define f1 : Γ1[V1] → Cay(Z4, {1¯}) by v1 7→ 1¯, v2 7→ 2¯, v3 7→ 3¯ and v4 7→ 4¯,
and define f2 : Γ2[V2] → Cay(Z4, {3¯}) by v5 7→ 1¯, v6 7→ 2¯, v7 7→ 3¯ and v8 7→ 4¯. Finally, taking G = Z4, gn1 = 1¯, gn2 = 3¯,
condition (4) is satisfied. Notice that l = 2, r = 1, k = 2, and if L = {x1, x2} is a left zero semigroup, R = {y} is a right zero
semigroup, then Γ is isomorphic to
Cay(Z4 × L× R, {(1¯, x1, y), (3¯, x2, y)}).
As a corollary of the above theorem we present characterization of the Cayley graphs of some well-known semigroups
which are special kinds of rectangular groups.
Remark 3.3. Applying the statement and the proof of the above theorem in the following cases, we get the following
characterizations:
(1) If l = 1, then we get the characterization of right group digraphs.
(2) If r = 1, then we get the characterization of left group digraphs.
(3) If G = Z1, then we get the characterization of rectangular band digraphs.
(4) If G = Z1 and r = 1, then we get the characterization of left zero semigroup digraphs.
(5) If G = Z1 and l = 1, then we get the characterization of right zero semigroup digraphs.
Remark 3.4. Applying the proof of the above theorem, we conclude that pi2(C) = L if and only if Γ [Vi] is a nonempty graph,
for every 1 ≤ i ≤ l.
4. Vertex-transitivity of Cayley graphs of rectangular groups
In this section,we describe Cayley graphs Cay(S, C) of finite rectangular groups Swhich are vertex-transitive. Throughout
this section, we assume that C is a nonempty subset of S.
Theorem 4.1. Let S = G × E be a finite rectangular group, where G is a group, and E = L × R is a rectangular band. Also let
C ⊆ S. Then the following statements are equivalent:
(1) Cay(S, C) is AutC (S)-vertex-transitive;
(2) Cay(S, C) is EndC (S)-vertex-transitive and Cay(〈C〉, C) is AutC (〈C〉)-vertex-transitive;
(3) CS = S and Cay(〈C〉, C) is AutC (〈C〉)-vertex-transitive;
(4) C ∩ sS 6= ∅, for all s ∈ S, and Cay(〈C〉, C) is AutC (〈C〉)-vertex-transitive.
Proof. (1)⇒ (2) It is obvious.
(2)⇒ (3) By Lemma 2.2, CS = S.
(3)⇒ (1) Applying Proposition 2.5, we prove that Cay(S, C) is AutC (S)-vertex-transitive. By the hypothesis, conditions
(i), (iii) of Proposition 2.5 are satisfied. To prove (ii), first we determine the structure of 〈C〉. Let B = pi1(C), L1 = pi2(C), and
R1 = pi3(C), where pii’s are the projection maps on S = G× L× R. First we show that 〈B〉 is a subgroup of G. Notice that for
every (g, x, y) ∈ 〈C〉, (g, x, y)(g, x, y) = (g2, x, y) and hence (eG, x, y) ∈ 〈C〉, since G is a finite group. If we suppose that the
order of g is n, then (g−1, x, y) = (gn−1, x, y) ∈ 〈C〉. Thus 〈B〉 is a group, and hence a subgroup of G. Take H = 〈B〉. We claim
that 〈C〉 = H × L1 × R1, where L1 is assumed to be a left zero semigroup and R1 to be a right zero semigroup.
For every h ∈ H , x ∈ L1, y ∈ R1, by definition of L1 and R1, there exist s1 = (g1, x, y1), s2 = (g2, x2, y), s3 = (h, x3, y3)
in C , for some g1, g2 ∈ H , x2, x3 ∈ L, and y1, y3 ∈ R. Similar to the above discussion, we get (eG, x, y1), (eG, x2, y) ∈ 〈C〉.
Thus (eG, x, y1)(eG, x2, y) = (eG, x, y) ∈ 〈C〉. Since (h, x3, y3) ∈ C , we conclude that (h, x3, y3)(eG, x, y) = (h, x3, y) ∈ 〈C〉.
Therefore (eG, x, y1)(h, x3, y) = (h, x, y) ∈ 〈C〉. Thus 〈C〉 = H × L1 × R1 which is a rectangular group, and hence is a
completely simple semigroup (see [5], p. 139).
To prove condition (iv) of Proposition 2.5, let s = (g, x, y) ∈ S be an element of S, then |〈C〉(g, x, y)| = |(H × L1 ×
R1)(g, x, y)| = |{(h, x′, y′)(g, x, y)|(h, x′, y′) ∈ 〈C〉}| = |H × L1 × {y}| = |H| × |L1|, since H ≤ G. So we conclude that |〈C〉s|
is independent of the choice of s ∈ S. Now by Proposition 2.5, we conclude that Cay(S, C) is AutC (S)-vertex-transitive.
(3)⇒ (4) Let s = (g, x, y) ∈ S. So (g, x, y)(G× L× R) = G× {x} × R. Since CS = S, we conclude that there exists c ∈ C
such that pi2(c) = x. Since c ∈ G× {x} × R = sS, we get that c ∈ C ∩ sS. Therefore C ∩ sS 6= ∅.
(4) ⇒ (3) Suppose that C ∩ sS 6= ∅, for all s ∈ S. For every x ∈ L, we consider (g, x, y) ∈ S. Since C ∩ (g, x, y)S 6= ∅,
so C ∩ G × {x} × R 6= ∅. Hence there exists (gx, x, yx) ∈ G × {x} × R such that (gx, x, yx) ∈ C . So S = ⋃x∈L G × {x} × R =⋃
x∈L(gx, x, yx)(G× L× R) ⊆ CS ⊆ S. Therefore we conclude that CS = S. 
Example 4.2. Let S = G × L × R, where G is a finite group, R is a finite right zero semigroup, and L = {x1, x2} is a left zero
semigroup. Also, let C = {(eG, x1, y), (eG, x2, y)}, for some y ∈ R. For every element (g, x, y′) ∈ S, since x = x1 or x = x2,
we conclude that (eG, x1, y)(g, x, y′) = (g, x, y′) or (eG, x2, y)(g, x, y′) = (g, x, y′). Hence we get that there exists one loop
on every vertex of Cay(S, C). For every vertices u, v, it is enough to define ψv : Cay(S, C) → Cay(S, C) by ψv(x) = v, for
every vertex x ∈ S. Then ψv(u) = v, and since there exists one loop on each vertex of Cay(S, C), we conclude that ψv is a
graph endomorphism. So Cay(S, C) is EndC (S)-vertex-transitive. But 〈C〉 = {eG} × L × {y} (see the proof of Theorem 4.1).
Also, Cay(〈C〉, C) ∼= EK2 (see the proof of Theorem 3.1). Now, since EK2 is automorphism-vertex-transitive, by Theorem 4.1,
we get that Cay(S, C) is AutC (S)-vertex-transitive.
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Theorem 4.3. Let S = G× L× R be a finite rectangular group, where G is a group, L is a left zero semigroup, and R is a right zero
semigroup of cardinality n. Also, let C ⊆ S. Then the following statements are equivalent:
(1) Cay(S, C) is ColAutC (S)-vertex-transitive;
(2) Cay(S, C) is ColEndC (S)-vertex-transitive;
(3) |L| = 1 and cS = S, for all c ∈ C;
(4) Cay(S, C) ∼= |R|Cay(G, pi1(C)), where pi1 : S → G is the projection map;
(5) Cay(S, C) ∼= Cay(G× Zn, pi1(C)× {0Zn}) which is a group digraph.
Proof. (1)⇒ (2) It is obvious.
(2)⇒ (3) By Lemma 2.2, we conclude that cS = S, for all c ∈ C . Let c = (g, x, y) ∈ C . Since cS = (g, x, y)(G× L× R) =
G× {x} × R, the above conclusion gives L = {x} as required.
(3)⇒ (4) By (3), S ∼= G× R. By the proof of Theorem 3.1, we know that the third components of C do not have any role
in the structure of Cay(S, C), so if y ∈ R, we can conclude that Cay(S, C) ∼= Cay(G × R, pi1(C) × {y}). Also it is easily seen
that Cay(R, {y}) ∼= |R|EK1. Now by Lemma 2.6, we conclude that
Cay(S, C) ∼= Cay(G× R, pi1(C)× {y}) ∼= Cay(G, pi1(C))× |R|EK1
∼= |R|Cay(G, pi1(C)).
(4)⇒ (5) Let C ′ = pi1(C). To prove (5), we will define a graph isomorphism
ψ : |R|Cay(G, pi1(C))→ Cay(G× Zn, pi1(C)× {0Zn}).
First we note that |R|Cay(G, pi1(C)) is the disjoint union of |R| subgraphs Γi = Cay(G, pi1(C)), i = 1, . . . , n. Now we define
ψ(g) = (g, i), if g ∈ Γi. It is clear that ψ is well-defined, one-to-one and onto. So it is enough to show that ψ preserves
adjacency and non-adjacency. To prove that ψ preserves adjacency, let (s, t) ∈ E(|R|Cay(G, pi1(C))). Then there exists
1 ≤ i ≤ |R|, such that (s, t) ∈ Γi = Cay(G, pi1(C)). Therefore there exists c = (g, x, y) ∈ C such that t = gs. By the definition
ofψ ,ψ(s) = (s, i) andψ(t) = (t, i). Since (t, i) = (g, 0)(s, i), we conclude that (ψ(s), ψ(t)) ∈ Cay(G×Zn, pi1(C)×{0Zn}).
Thus ψ preserves adjacency. To prove ψ preserves non-adjacency, let
(
(s, j), (d, 0)(s, j)
) = ((s, j), (ds, j)) ∈ E(Cay(G ×
Zn, pi1(C)× {0Zn})). By the definition of ψ and since (s, ds) ∈ E(Γj) ⊆ E(|R|Cay(G, pi1(C))), we conclude that ψ preserves
non-adjacency. Therefore
|R|Cay(G, pi1(C)) ∼= Cay(G× Zn, pi1(C)× {0Zn}).
(5)⇒ (4) To prove (4), since Cay(G×Zn, pi1(C)×{0Zn}) ∼= |R|Cay(G, pi1(C)), we get that Cay(S, C) ∼= |R|Cay(G, pi1(C)).
(4) ⇒ (1) Using Proposition 2.4, we prove (1). By the proof of Theorem 3.1, we get that Cay(S, C) ∼= |R|Cay(G ×
L, piG×L(C)), where piG×L : S → G × L is the projection map. So |R|Cay(G × L, piG×L(C)) ∼= |R|Cay(G, pi1(C)). Since
V
(|R|Cay(G× L, piG×L(C))) = V (|R|Cay(G, pi1(C))), we conclude that |L| = 1. By (5)which is equivalent to (4), Cay(S, C) is
isomorphic to a group digraph. Hence it is AutC (S)-vertex-transitive, using Proposition 2.1. By Proposition 2.5, condition (iii)
of Proposition 2.4 is satisfied, and CS = S. Since |L| = 1, we get that for every c ∈ C , cS = S. Thus condition (i) of
Proposition 2.4 is proved. Finally by the proof of Theorem 4.1 and since |L| = 1, condition (ii) of Proposition 2.4 is satisfied.
Therefore by Proposition 2.4, Cay(S, C) is ColAutC (S)-vertex-transitive. 
Example 4.4. (a) Consider the graphΓ given in Example 3.2, by part (3) of Theorem4.3,we conclude that it is notColAutC (S)-
vertex-transitive.
(b) Let S = Z8 × L× R be a rectangular group, where L = {x} is a left zero semigroup, and R = {y1, y2, y3} is a right zero
semigroup. Also let C = {(1¯, x, y1), (4¯, x, y3)}. Using Theorem 4.3, we prove that Cay(S, C) is ColAutC (S)-vertex-transitive.
Since |L| = 1 andusing the fact that the third components ofC donot have any role in the structure ofCay(S, C) (see the proof
of Theorem 3.1), we get that Cay(S, C) ∼= Cay(Z8 × R, pi1(C) × {y1}). Hence Cay(S, C) ∼= Cay(Z8, {1¯, 4¯}) × Cay(R, {y1}) ∼=
|R|Cay(Z8, {1¯, 4¯}). Thus by Theorem 4.3, we conclude that Cay(S, C) is ColAutC (S)-vertex-transitive.
Let S = G × L × R be a rectangular group, where G is a group and L × R is a rectangular band. We know that if |L| = 1,
then S is a right group. Therefore we have the following corollary.
Corollary 4.5. Let S = G×R be a right group, where G is a group, and R is a right zero semigroup. Then Cay(〈C〉, C) is AutC (〈C〉)-
vertex-transitive.
Proof. By the proof of Theorem 4.1, 〈C〉 is isomorphic to a direct product of a group and a right zero semigroup. By the proof
of Theorem 4.3, Cay(〈C〉, C) is a group digraph. Hence Cay(〈C〉, C) is AutC (〈C〉)-vertex-transitive. 
We note that if S is a right group, then CS = S implies cS = S, for every c ∈ C . Therefore we have the following remark.
Remark 4.6. By the above corollary, we can conclude that if S is a right group, then the statements of Theorems 4.1 and 4.3
are equivalent.
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Theorem 4.7. Let S = G× L× R be a finite rectangular group, where G is a group, L is a left zero semigroup, and R is a right zero
semigroup. Also let C ⊆ S. Then, Cay(S, C) is undirected if and only if piG×L(C) = piG(C)× L and piG(C) = piG(C)−1.
Proof. (⇒) It is clear that piG×L(C) ⊆ piG(C) × L. Now we prove piG(C) × L ⊆ piG×L(C). Let (g1, x1, y1) ∈ C , x ∈ L.
Notice that Cay(S, C) being undirected, for every s ∈ S, c ∈ C , there exists cs ∈ C , such that s = cs(cs). In fact, for
s = (g, x, y), c = (g1, x1, y1), cs = (g−11 , x, y2), for some y2 ∈ R. Therefore, taking s = (g, x, y) and c ′ = (g−11 , x, y2),
we get c ′s =
(
(g−11 )−1, x, y3
)
for some y3 ∈ R. This means that piG×L(c ′s) = (g1, x), and hence piG(C) × L = piG×L(C). Also
piG(C) = piG(C)−1.
(⇐) To show that Cay(S, C) is undirected, let ((g1, x1, y1), (g2, x2, y2)) be an arbitrary edge of Cay(S, C). Then there exists
(g, x, y) ∈ C with
(g2, x2, y2) = (g, x, y)(g1, x1, y1) = (gg1, x, y1).
SincepiG×L(C) = piG(C)×L andpiG(C) = piG(C)−1, we have (g−1, x1, y0) ∈ C , for some y0 ∈ R. But (g−1, x1, y0)(g2, x2, y2) =
(g−1, x1, y0)(gg1, x, y1) = (g1, x1, y1). Therefore ((g2, x2, y2), (g1, x1, y1)) ∈ E(Cay(S, C)), and so Cay(S, C) is undirected.

5. Automorphism-vertex-transitive Cayley graphs of semigroups
In this section, we show that Cayley graphs which are automorphism-vertex-transitive and satisfy a condition on their
connection sets are in fact Cayley graphs of rectangular groups. Then, we conclude a criterion for a vertex-transitive graph
to be a Cayley graph of a finite semigroup.
First, we recall the following lemma.
Lemma 5.1 ([11, Lemma 5.2, Corollary 5.3]). Let S be a semigroupwith a subset C such that 〈C〉 is completely simple, and CS = S.
Then, every connected component of the Cayley graph Cay(S, C) is strongly connected, and for every v ∈ S, the component
containing v is equal to 〈C〉v. Also, if 〈C〉 is isomorphic to a right group, then the right 〈C〉-cosets are the connected components
of Cay(S, C).
Also, notice that:
Lemma 5.2. Let S = G × L × R be a finite rectangular group, where G is a group, L is a left zero semigroup, R is a right zero
semigroup, and let C ⊆ S. Then CS = S if and only if pi2(C) = L.
Proof. Using the fact that for all c = (g, x, y) ∈ C , cS = (g, x, y)(G× L× R) = G× {x} × R, we get the result. 
Theorem 5.3. Let S be a finite semigroup, and let C be a subset of S such that 〈C〉 is orthodox. If the Cayley graph Cay(S, C) is
AutC (S)-vertex-transitive, then Cay(S, C) is isomorphic to a Cayley graph of a rectangular group.
Proof. First by Proposition 2.5, we know that CS = S, 〈C〉 is a completely simple semigroup, Cay(〈C〉, C) is AutC (〈C〉)-
vertex-transitive, and |〈C〉s| is independent of the choice of s ∈ S. Also, since 〈C〉 is completely simple and orthodox, 〈C〉
is a rectangular group (see [5], p. 139). Let 〈C〉 = G × L × R, where G is a group, L is a left zero semigroup, and R is a
right zero semigroup. We show that Cay(S, C) ∼= Cay(G × L × R′, C), where R′ is a right zero semigroup of cardinality
n, the number of connected components of Cay(S, C), and R ⊆ R′. Now by Lemma 5.1, every connected component of
the Cayley graph Cay(S, C) is strongly connected, and for each s ∈ S, the component containing s is equal to 〈C〉s. But
for every s = (g, x, y) ∈ C ⊆ 〈C〉, we get that 〈C〉s = (G × L × R)(g, x, y) = G × L × {y}. Since all connected
components of every automorphism-vertex-transitive graph are isomorphic to each other, and 〈C〉s is a subsemigroup of
〈C〉, we conclude that every connected component of Cay(S, C) is isomorphic to Cay(〈C〉s, C ′), where C ′ = piG×L(C) × {y}.
Hence Cay(S, C) ∼= nCay(〈C〉s, C ′). By the proof of Theorem 3.1, we know that Cay(G× L× R′, C) ∼= nCay(G× L× {y}, C ′),
for some y ∈ R. Therefore Cay(S, C) ∼= Cay(G× L× R′, C). 
We conclude the paper with the following theoremwhich gives a necessary and sufficient condition for vertex-transitive
graphs to be Cayley graphs of finite semigroups.
Theorem 5.4. A vertex-transitive graph Γ is a Cayley graph of a finite semigroup S with a connection set C such that 〈C〉 is
orthodox if and only if Γ satisfies conditions (1)–(4) of Theorem 3.1.
Proof. (⇒) By Theorem 5.3, Cay(S, C) is isomorphic to a Cayley graph of a rectangular group. So by Theorem 3.1, we get
that Γ satisfies conditions (1)–(4) of Theorem 3.1.
(⇐) By Theorem 3.1, Γ is a Cayley graph of a rectangular group S. Let Γ ∼= Cay(S, C), where S is a rectangular group
and C ⊆ S. By the proof of Theorem 4.1, we conclude that 〈C〉 is a rectangular group. Therefore 〈C〉 is orthodox (see [5],
p. 139). 
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